Simulated annealing is applied to the synthesis of arrays in order to reduce the peaks of side lobes by acting on the elements' positions and weight coefficients. In the case considered, the number of array elements and the spatial aperture of an unequally spaced array are a priori fixed. Thanks to the high flexibility of simulated annealing, the results obtained for a 25-element array over an aperture of 50λ improve those reported in the literature. 
I. INTRODUCTION
In this correspondence, a synthesis method aimed at designing an array antenna is proposed. Simulated annealing (SA), which is a probabilistic methodology to solve combinatorial optimization problems, is used to optimize the positions and weight coefficients of array elements in order to improve the antenna performances. The application domains are radar and sonar signal processing, which are based on the use of the conventional beamforming technique.
The number of elements of an array strongly affects the array cost and the complexity of the control and processing devices. The speed of the process, too, is strictly dependent on the number of elements.
Therefore, for various reasons, it is very useful to succeed in decreasing the number of elements, while keeping the same spatial aperture of the array. To reduce the number of elements and to prevent grating lobes, one may increase the spacing, breaking, at the same time, the periodicity of the elements' positions.
This operation leads to unequally spaced arrays (also called aperiodic arrays), where the average space between the elements, d av , is few times as large as the Nyquist limit (equal to λ/2, λ being the wavelength) [1] . Once the number of elements and the spatial aperture have been fixed, the beam pattern (BP) of an unequally spaced array, as compared with that of an equally spaced array, exhibits about the same width of the main lobe, is not affected by grating lobes, but is characterized by much higher side lobes. The distribution and the height of side lobes depend on the chosen positions of the elements along the spatial aperture and on the weight coefficients assigned to the elements. It is worth noting that, even though weight coefficients cannot reduce grating lobes, yet they can reduce the height of side lobes. As a consequence, it is important to select both the best position and the best weight coefficient for each element of an unequally spaced array. Some papers [2] - [5] addressed the problem of reducing the level of side lobes in unequally spaced arrays in which d av is few times as large as λ/2. To this end, the number of elements and the spatial aperture of each array were fixed a priori. Such articles faced only the case of arrays symmetrical with respect to their centers, and the results obtained with the proposed techniques referred to an array made up of 25 elements and with an overall aperture of 50λ (d av = 2.08λ). The spatial aperture was discretized into intervals equal to λ/2 and each element was placed at one of these positions. In [2] , a technique based on dynamic programming was proposed, which allowed the maximum level of side lobes not to exceed -8.8 dB.
According to a statistical study reported in [3] , space-tapered arrays (in which the space between elements increases as their distance from the center becomes larger) are the most suitable for reducing the level of side lobes. The best array described in [3] is characterized by -8.9 dB side lobes. However, in [4] , a better dynamic-programming procedure yielded an array that was not space-tapered but whose side lobes did not exceed -10.14 dB. The authors of [5] first optimized the element positions, then they tried to improve the BP by acting on the weight coefficients. As far as the element positions are concerned, when one starts from an equally spaced array (intervals of λ/2), one can remove each couple of elements causing the lowest side lobes to increase until one reaches the required number of elements. Thanks to the subsequent shading process, side lobes are limited to -12.20 dB. A further constraint [5] was imposed by the necessity for limiting to low values the Current Taper Ratio (CTR), which is the ratio between the maximum and minimum weight coefficients. This constraint makes it possible to limit the consequences of possible unforeseen occurrences regarding the elements with the largest weight coefficients.
In this paper, we show how the SA approach is suitable for optimizing the positions and weight coefficients of transducers over a discrete antenna, yielding results that are better than those reported in literature. The importance and capability of this technique lie in the possibility of devising an ad hoc cost function whose minimization leads to an improved arrangement and weighting of the array elements in terms of both main-lobe resolution and side-lobe level. To date, SA has never been used for this kind of problems, and a deeper investigation will certainly open new perspectives for antenna synthesis.
This correspondence is organized as follows. In Section II, the basic concepts of simulated annealing are summarized, together with previous applications of this technique to arrays. Section III presents the BP formulation and outlines some symmetry-related properties. Section IV describes the proposed method of synthesis, the results obtained are reported in Section V. Finally, conclusions are drawn in Section VI.
II. SIMULATED ANNEALING AND ITS APPLICATIONS TO ARRAYS
Initially, SA aimed to simulate the behaviour of the molecules of a pure substance during the slow cooling that results in the formation of a perfect crystal (minimum-energy state) [6] , [7] . Instead, if Y* causes the value of the energy function to increase, it is accepted with a probability dependent on the system temperature, in accordance with the Boltzmann distribution. The higher the temperature, the higher the probability that the state configuration that caused the energy function to increase may be accepted. In short, the probability that Y* may be accepted as a new configuration, P{Y j+1 = Y*}, can be expressed as:
where k is the Boltzmann constant and T is the system temperature. As iterations go on, the temperature T is gradually lowered, following the reciprocal of the logarithm of the number of iterations [6] , [7] , until the configuration freezes in a certain final state. Thanks to its probabilistic nature, this method represents a notable improvement over classic methods of local descent, although it is computationally demanding. The repetition of the process, using different initial configurations, increases the reliance in the "quasioptimality" of results, even though a full optimality cannot be proved.
In relation with array antennas, in [8] and [9] , SA was used to optimize the positions of the elements of an array for applications quite different from those described in the introduction. Ruf [8] faced the problem of applying linear arrays to an interferometric imaging technique generally used in the field of radioastronomy.
He aimed to improve the angular resolution of radiotelescopes. Hayward [9] optimized the element positions in order to maximize the array gain in passive applications of conventional beamforming and matched-field beamforming in a two-dimensional isotropic noise field.
III. BEAM PATTERN FORMULATION
If the array is linear, made up of M punctiform and omnidirectional elements, and placed along the x axis (see Fig. 1 ), then the BP p(u) [3] , [4] , can be expressed as:
where x i is the position of the i-th element, w i is the related weight coefficient, u = sinθ -sinθ 0 (θ and θ 0 being, respectively, the angle of incidence of the plane wave and the steering angle (see Fig. 1 )), and λ = 2π c/ω. The variable u can assume only real values included between -2 and 2, for any combination of θ and θ 0 .
Therefore, if ones studies the behaviour of the BP in the range -2 ≤ u ≤ 2, one can be sure to have examined all possible situations. When the BP is plotted as a function of u, the main lobe is always in u = 0 and its width does not depend on θ 0 . The expression in decibels for the BP, normalized to 0 dB, is 20⋅log
where Q is the sum of all w i 's. It is useful to recall two properties of the BP that will be used for the BP optimization [3] .
• The BP is even with respect to u, i.e., p(u) = p(-u). Therefore, it is sufficient to study the behaviour of the BP in the range 0 ≤ u ≤ 2.
• When the distance of each element from the origin of the coordinates is a multiple of λ/2
where k i is a generic integer), then p(1-∆u) = p(1+∆u), that is, the BP is symmetrical with respect to u = 1. In this case, it is sufficient to study the BP in the range 0 ≤ u ≤ 1.
IV. A METHOD OF SYNTHESIS BASED ON SIMULATED ANNEALING
The methods [2] - [5] to obtain unequally spaced linear arrays with a low density of elements (d av > 2λ) considered the case of a symmetrical array in order to use a simplified expression for the BP. However, to maintain the symmetry, one must reduce the number of elements that can be positioned randomly to (M-2)/2, if M is an even number, or to (M-3)/2, if M is an odd number. If one uses SA, the simplification involved in the array symmetry is not necessary; therefore, the number of elements that can be positioned randomly is always M-2; this notably increases the degrees of freedom and improves the capability of our method.
In [5] , positions were optimized before weight coefficients. In this case, it remained to be explored if the performances of an apparently poor configuration can improve after an adequate shading process. Instead, SA allows one to optimize positions and weight coefficients at the same time and in parallel.
The use of SA requires the choice of an energy function f(X, W) able to provide, on the basis of the vector of the positions of the elements, X, and according to the vector of the weight coefficients, W, the peak value of the side lobes of the related BP. To this end, one can choose:
where the BP p(u) is derived from the positions X and the weights W; u end may be equal to 1 or 2, depending on whether or not the positions are multiples of λ/2; u start allows one to exclude the main lobe from the computation of the peak of the side lobes. Due to the fact that the energy function to be minimized depends on different types of parameters X and W in Eq. (3), the use of a single temperature may give rise to imperfect solutions, as the energy contributions of the two terms are different. To overcome this drawback, one must consider different temperatures for the various parameters, through the use of a suitable scale coefficient, in order that the mixture may cool in a homogeneous way [7] .
The SA implementation [6] we adopted tries to favour computational efficiency; the related scheme is shown in Fig. 2 . First, the spatial aperture is discretized into λ/2 intervals, then u end can be set to 1. The initial temperature value, T start , is chosen high enough and such that the first configuration perturbations may almost always be accepted, even though they lead to an increase in energy. Starting from an initial positions and all weight coefficients are perturbed in fixed (as shown in Fig. 2 ) or random sequence. The process terminates when a state of persistent block (freezing) is reached, due to the temperature lowering.
Actually, on the basis of previous experiences, we use a number of iterations, NUM_ITER, that is large enough to ensure that a block state will be reached (Fig. 2) . Another possible termination strategy can be the stabilization of the energy value along a considerable number of iterations. Due to the probabilistic nature of SA, different temperature schedulings and random initial configurations may lead to different final results.
However, if a logarithmic scheduling is chosen, all the process runnings give slightly different results. This means that the resulting BPs are "quasi-optimal", i.e., with a stable side-lobe peak level.
V. RESULTS AND COMPARISONS
In the papers dealing with an unequally spaced array made up of 25 elements arranged over a spatial aperture of 50λ [2] - [5] , the height of side lobes was evaluated after fixing the initial point of the measurement, i.e., u start = 0.04. To assess the potentialities of SA, two types of experiments were performed: one aimed to optimize the positions only (using w i = 1), the other aimed to optimize both the positions and the weights.
A. Position optimization
In order to evaluate the convergence of the SA process toward a stable state, a lot of executions with random initial states were performed. Several temperature schedulings were also tested, using different initial temperatures and different temperature descent rates. The obtained results are summarized in Table A, where, for each temperature scheduling, the data given refer to some tens of executions with random initial states (for every test, statistically significant sets were considered). In particular, values concerning the best, worst, and average results in terms of side lobe peak are given, as well as standard deviations around the average results. The considered temperature schedulings were related to some logarithmic rates (which differed only in an increased marked convexity between Logarithm 1 and Logarithm 3, obtained by varying the parameter T start in Fig. 2 ), and to linear and parabolic rates. It can be noticed that, for each logarithmic scheduling, the difference between the best and worst results is less than 0.35 dB and the standard deviation is less than 0.14 dB. Also the uniformity of the results obtained by the three logarithmic schedulings is satisfactory: the maximum difference in the averages is less than 0.17 dB. Moreover, even when starting from different initial states, it may occur that the final frozen states are equal or very similar. Thanks to the above-mentioned considerations, one can achieve a good reliance in the "quasi-optimality" of results. Finally, also linear and parabolic schedulings produced positive results, but far from those produced by logarithmic schedulings.
This fact is consistent with classical considerations on the temperature scheduling for SA [6] .
The best result given in Table A Fig. 3 . To the best of our knowledge, the result reported in [4] is the best in the literature: it was obtained by using unit weights. The related side lobes were limited to -10.14 dB and the width of the main lobe was u -3dB = 0.0143. Therefore, the improvement obtained by simulated annealing is twofold: the side lobes are more limited (1.9 dB lower) and the main lobe is narrower. Table B summarizes the characteristics of the arrays compared in this subsection. The last row refers to an equally spaced array made up of 25 elements over a spatial aperture of 50λ, with unit weight coefficients. Despite the presence of cumbersome grating lobes, the main lobe is narrower (u -3dB = 0.0085) than those of the other BPs. This is due to the fact that, in unequally spaced arrays, only few elements are near the ends.
A further comparison was made with the method proposed by Steinberg [10] , which permits one to relate the peaks of side lobes of arrays with different spatial apertures and numbers of elements. In a twodimensional chart, Steinberg gave the values of the parameter B p (which measures the peak of side lobes normalized to the number of elements) versus n (which is proportional to the spatial aperture of the array) for many unequally spaced and random arrays. He aimed to have a low value of B p for a fixed value of n; this turned out to be more difficult as n increased. For n = 50, the best result reported in [10] had B p equal to about 3.5 dB. For the same value of n, the array sythesized by SA has B p equal to 1.9 dB (see Table B ), thus proving the greater effectiveness of our method.
B. Position and weight optimizations
As expected, the results obtained by position and weight optimizations are better than those obtained by adjusting only the sensors' positions, in that the peak of side lobes is far more reduced. As in the previous optimization, three different logarithmic schedulings were tested and, for each of them, some tens of executions were performed, using random initial states. Results are summarized in Table C : also in this case, the difference between the best and worst results is very limited (about 0.5 dB) and the standard deviation is quite low (less than 0.2 dB). The uniformity of the results obtained by the three logarithmic schedulings is satisfactory: the maximum difference in the averages is equal to 0.15 dB. As in the previous case, we obtained a good reliance in the "quasi-optimality" of results. Linear and parabolic scheduling were not tested any more because of the worse findings.
The best result in Table C Fig. 4(a) , and the behaviour of the weight coefficients is shown in Fig. 4(b) . To the best of our knowledge, the result reported in [5] is the best in the literature for an array of 25 elements over 50λ. The side lobes were limited to -12.20 dB, the width of the main lobe was u -3dB = 0.0189 and the CTR was equal to 5.8. As mentioned earlier, SA produced an array with limited side lobes (1.3 dB lower), a narrower main lobe, and a lower CTR. Moreover, for the array synthesized by SA, the value of the parameter B p (for n = 50) is equal to 0.5 dB. This value is close to the lowest value reported in [10] for an unequally spaced array obtained for n ≅ 15, i.e., under simpler conditions than those used in our case. Finally, we evaluated the performances of an array made up of 25 elements spaced at λ/2 intervals, with the Dolph-Chebychev weight coefficients. Such coefficients allowed main lobe to be contained in the area allowed (u start = 0.04), but caused the side lobes to rise up to -7 dB. The size of the array was only equal to 12λ, but the width of the main lobe was considerable (u -3dB = 0.0268), and so was the CTR value, which was equal to 11.4. Table D summarizes the characteristics of the arrays compared in this sub-section.
VI. CONCLUSIONS
The synthesis of unequally spaced arrays, with an average spacing many times as large as λ/2, exhibits some difficulties related to the height of side lobes. The application of SA to solve this problem yields better results than those obtained by other methods proposed in the literature. Satisfactory results can be achieved thanks to the possibility of synthesizing asymmetric arrays (with more degrees of freedom) and to the simultaneous optimizations of positions and weight coefficients. Future work will be aimed at the synthesis of planar arrays, or at using SA to minimize the number of elements necessary to obtain a specific BP.
Moreover, a deeper study of the BP behaviour in terms of number of elements and spatial aperture may allow a more precise definition of the optimality concept for an antenna. This will lead us to the formulation of adequate energy functions for obtaining optimal array-sensor configurations.
